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Abstract — We consider the solution of electromagnetics problems formulated with
surface integral equations (SIE) and discretized with low-order basis functions, such as
the Rao-Wilton-Glisson functions. Normal and mixed SIE formulations involving welltested identity operators are significantly inaccurate compared to tangential formulations.
We show that the well-tested identity operator is a major error source that contaminates
the accuracy of SIE formulations. Due to excessive discretization error of the identity
operator, matrix equations obtained with tangential, normal, and mixed formulations
are incompatible. We also show that, in an iterative solution of a normal or mixed
formulation, the minimization of the residual error involves a breakpoint, where a further
reduction of the residual error does not improve the solution in terms of compatibility
with the corresponding tangential formulation. This breakpoint corresponds to the last
useful iteration, where the accuracy of the solution is saturated and a further reduction
of the residual error is practically unnecessary.

1. INTRODUCTION
Surface integral equations (SIE) are commonly used for the solution of scattering and radiation
problems in electromagnetics [1]. Complicated problems involving three-dimensional metallic and/or
homogeneous dielectric structures are formulated rigorously by defining equivalent current on surfaces
and applying the boundary conditions. Depending on the testing scheme and the boundary conditions
used, there are four basic SIEs, namely, the tangential electric-field integral equation (T-EFIE), the
normal electric-field integral equation (N-EFIE), the tangential magnetic-field integral equation (TMFIE), and the normal magnetic-field integral equation (N-MFIE) [2]. Various SIE formulations can
be derived by using diverse combinations of SIEs. For numerical solutions, those formulations are
discretized by expanding the equivalent currents and using the method of moments. The resulting
dense matrix equations can be solved iteratively by using a Krylov subspace algorithm, which can be
accelerated via fast solvers, such as the multilevel fast multipole algorithm [3].
SIE formulations can be categorized into three groups, i.e., tangential, normal, and mixed formulations,
depending on their contents. Tangential formulations involve T-EFIE and/or T-MFIE, while normal formulations involve N-EFIE and/or N-MFIE. Mixed formulations are obtained by combining tangential
and normal formulations, and they contain at least one tangential equation (T-EFIE and T-MFIE) and
one normal equation (N-EFIE and N-MFIE). Using a Galerkin scheme for the discretization, normal
and mixed formulations contain well-tested identity operators. It is well-known that matrix equations involving well-tested identity operators are diagonally dominant and they are well-conditioned.
Therefore, iterative solutions of normal and mixed formulations are usually more efficient than the
solutions of tangential formulations, which do not contain well-tested identity operators. On the other
hand, recent studies show that tangential formulations are significantly more accurate than normal
This work was supported by the Scientific and Technical Research Council of Turkey (TUBITAK) under Research Grants
105E172 and 107E136, by the Turkish Academy of Sciences in the framework of the Young Scientist Award Program
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and mixed formulations, especially when they are discretized with low-order basis functions [4]–[8],
such as the Rao-Wilton-Glisson (RWG) functions [9]. Discrepancy between the results obtained with
tangential, normal, and mixed formulations can be reduced by employing more appropriate, especially
higher-order, basis functions [10]–[17]. Investigations on the accuracy of SIE formulations also show
that the source of the error is the identity operator [5],[18],[19]. Specifically, regularization of the
identity operator improves the accuracy of N-MFIE for metallic objects [5],[19].
In this paper, we investigate the contamination of the accuracy of SIEs with the excessive discretization
error of the identity operator. By setting up a computational experiment based on nonradiating currents,
we prove that the identity operator is truly a major error source in SIE formulations. Since the
discretization of the identity operator contaminates the accuracy of normal and mixed formulations,
matrix equations obtained with tangential, normal, and mixed formulations for the same problem are
incompatible. Then, the iterative solution of a normal or mixed formulation involves a breakpoint,
where the compatibility of the solution with the corresponding tangential formulation is saturated. We
show that this breakpoint corresponds to the last useful iteration, where the accuracy of the solution
cannot be improved anymore.

2. SURFACE INTEGRAL EQUATION FORMULATIONS
Consider a homogeneous domain Du bounded by a closed surface Su and that may extend to infinity.
T-EFIE is derived by directly testing the boundary condition for the tangential electric field on the
surface, i.e.,


Ωo (r) −1 ×n
−1
(1)
η I {M }(r) = −t̂ · ηu−1 E inc (r),
t̂ · Tu {J }(r) − ηu Ku {M }(r) −
4π u
where Ωo (r) is the external solid angle at the observation point r ∈ Su , t̂ is any tangential unit
vector,
E inc (r) is the incident electric field produced by the external sources inside Du , and ηu = μu /u
is the wave impedance. In (1), J(r) = n̂ × H(r) and M (r) − n̂ × E(r) are equivalent surface
currents, where n̂ is the normal vector pointing into Du . Operators are defined as



1
Tu {X}(r) = iku
dr X(r ) + 2 ∇ · X(r )∇ gu (r, r )
(2)
ku
Su

Ku {X}(r) =
dr  X(r ) × ∇ gu (r, r )
(3)
Su ,P V

I ×n {X}(r) = n̂ × I{X}(r) = n̂ × X(r),
(4)
√
where P V indicates the principal value of the integral, ku = ω μu u is the wavenumber, and gu (r, r )
denotes the homogeneous-space Green’s function defined as

exp (iku R)
(5)
gu (r, r  ) =
R = |r − r | .
4πR
N-EFIE is derived similarly by testing the boundary condition for the electric field projected onto the
surface via n̂, i.e.,


Ωo (r) −1 ×n
n̂ × Tu {J }(r) − ηu−1 Ku {M }(r) −
(6)
ηu I {M }(r) = −n̂ × ηu−1 E inc (r).
4π

Finally, T-MFIE and N-MFIE are derived by testing the boundary condition for the tangential magnetic
field, i.e.,





Ωo (r)
t̂·
t̂·
×n
ηu I {J }(r) = −
Tu {M }(r) + ηu Ku {J }(r) +
ηu H inc (r), (7)
n̂×
n̂×
4π
where H inc (r) is the incident magnetic field.
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Table 1. Surface Integral Equation Formulations

Formulation
T-EFIE
N-MFIE
T-N-CFIE
TN-N-CFIE
T-PMCHWT and CTF
NMF and MNMF
JMCFIE

Integral Equation Content
T-EFIE
N-MFIE
T-EFIE+N-MFIE
T-EFIE0 +N-EFIE0 +N-MFIE0
T-EFIEI +N-EFIEI +N-MFIEI
T-EFIE0 +T-EFIEI
T-MFIE0 +T-MFIEI
N-MFIE0 +N-MFIEI
N-EFIE0 +N-EFIEI
T-EFIE0 +T-EFIEI +N-MFIE0 +N-MFIEI
T-MFIE0 +T-MFIEI + N-EFIE0 +N-EFIEI

Object Type
Metallic
Metallic
Metallic
Dielectric
Dielectric
Dielectric
Dielectric

When the surface of Du is a perfect electric conductor (PEC), the tangential component of the total
electric field vanishes on the surface (M = 0). Then, the scattering or radiation problem can be
formulated and solved with T-EFIE, N-MFIE, T-MFIE, or N-MFIE, without using any combination.
However, to avoid the internal resonance problem, it is necessary to combine EFIE and MFIE leading
to a combined-field integral equation (CFIE) [20]. Specifically, a mixed formulation T-N-CFIE, which
is obtained by the convex combination of T-EFIE and N-MFIE, is commonly used in the literature [3].
For scattering and radiation problems involving dielectric objects, integral equations are derived
for both inner and outer media. These equations should be solved simultaneously to obtain J (r)
and M (r). Similar to formulations of PEC objects, EFIE and MFIE can be combined in various ways to derive CFIE formulations, which are immune to the internal resonance problem. For
example, TN-N-CFIE, which is obtained by combining T-EFIE, N-EFIE, and N-MFIE, was introduced for stable solutions [2]. On the other hand, many different formulations for dielectric objects are obtained by linearly combining the inner and outer equations while solving EFIE, MFIE,
or their combinations simultaneously. For example, the tangential Poggio-Miller-Chang-HarringtonWu-Tsai (T-PMCHWT) [1],[21],[22] formulation involves simultaneous solutions of T-EFIE and TMFIE. A similar coupling of N-EFIE and N-MFIE leads to the well-known normal Müller formulation (NMF) [23]. Recently, these two formulations are improved by scaling EFIE and MFIE
appropriately, leading to the combined tangential formulation (CTF) [13] and the modified normal
Müller formulation (MNMF) [24], respectively. Although these formulations are free of the internal
resonance problem, mixed formulations involving both tangential and normal equations are derived to
obtain more stable solutions. For example, the electric and magnetic current combined-field integral
equation (JMCFIE) [25], which involves all four equations, i.e., T-EFIE, N-EFIE, T-MFIE, and NMFIE, provides fast iterative solutions, and it is preferable especially when the problem size is
large [26]. Finally, electromagnetics problems involving composite dielectric-metallic structures can
be formulated via hybrid formulations, which are obtained by applying different formulations for
different parts of the objects [27]. Table I lists some of the surface formulations that are commonly
used in the literature.

3. DISCRETIZATION
For numerical solutions, SIE formulations are discretized by using basis and testing functions. Equivalent currents are expanded in a series of basis functions bn (r), i.e.,
N

J (r) =

x[n]bn (r)
n=1

(8)
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N

M (r) =

y[n]bn (r),

(9)

n=1

where x and y are arrays of unknown coefficients. Testing the integral equations using a set of testing
functions tm (r), matrix equations are constructed and solved to calculate the unknown coefficients.
Four basic matrix equations are derived as
1
T
T
×n
(10)
T̄ u · x − ηu−1 K̄ u · y − ηu−1 I¯ · y = −ηu−1 v E
2
1
N
N
(11)
T̄ u · x − ηu−1 K̄ u · y + ηu−1 I¯ · y = −ηu−1 v ×n
E
2
1
T
T
×n
(12)
T̄ u · y + ηu K̄ u · x + ηu I¯ · x = −ηu v H
2
1
N
N
(13)
T̄ u · y + ηu K̄ u · x − ηu I¯ · x = −ηu v ×n
H ,
2
for T-EFIE, N-EFIE, T-MFIE, and N-MFIE, respectively. The interaction between the mth testing
function tm (r) and the nth basis function bn (r) are calculated for different operators (K, T , and I )
and testing types (T and N) as


T
(14)
Ku [m, n] =
drtm (r) ·
dr bn (r ) × ∇ gu (r, r )
Sm
Sn ,P V


KuN [m, n] =
drtm (r) · n̂ ×
dr  bn (r  ) × ∇ gu (r, r )
(15)
Sm
Sn ,P V


T
Tu [m, n] = iku
drtm (r) ·
dr  bn (r )gu (r, r )
 Sn
 Sm
i
−
drtm (r) ·
dr  ∇ · bn (r )∇ gu (r, r )
(16)
ku Sm
Sn


TuN [m, n] = iku
drtm (r) · n̂ ×
dr bn (r  )gu (r, r )
S
S
 n
 m
i
−
drtm (r) · n̂ ×
dr ∇ · bn (r  )∇ gu (r, r  )
(17)
ku Sm
Sn

Ωo (r)
(18)
bn (r)
I[m, n] =
drtm (r) ·
2π
Sm

Ωo (r)
×n
× bn (r),
I [m, n] =
drtm (r) · n̂
(19)
2π
Sm
where Sm is the spatial support of the mth basis or testing function for m = 1, 2, ..., N . Elements of
the right-hand-side (RHS) vectors in (10)–(13) are obtained by testing the incident electromagnetic
fields, i.e.,

v E [m] =
drtm (r) · E inc (r)
(20)
S
 m
(21)
v ×n
drtm (r) · n̂ × E inc (r)
E [m] =
S
 m
(22)
v H [m] =
drtm (r) · H inc (r)
S
m

v ×n
[m]
=
drtm (r) · n̂ × H inc (r).
(23)
H
Sm

Using a Galerkin scheme and choosing the same set of functions as basis and testing functions, the
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tangential equations, i.e., T-EFIE and T-MFIE, contain well-tested T operators, while the normal
equations, i.e., N-EFIE and N-MFIE, contain well-tested K and I operators [2]. Then, tangential formulations involving T-EFIE and/or T-MFIE contain well-tested T operators, while normal formulations
involving N-EFIE and/or N-MFIE contain well-tested K and I operators [13]. In mixed formulations,
such as CFIE and JMCFIE, all kinds of operators are well-tested. In general, well-tested identity
operators lead to well-conditioned matrix equations, which are easy to solve iteratively [28]. Therefore,
for the efficiency of the solutions, normal and mixed formulations are preferable, especially when
problems involve large objects discretized with large numbers of unknowns [26],[29],[30]. On the other
hand, recent studies show that normal and mixed formulations are significantly inaccurate compared
to tangential formulations [4]–[8], especially when they are discretized with low-order basis functions,
such as RWG functions. Accuracy of normal and mixed formulations could be improved to the levels
of tangential formulations by employing higher-order basis functions [13],[16],[17]. Investigations also
show that the excessive error is caused by the well-tested identity operators [5],[18],[19]. In addition
to the conditioning of the matrix equations, the identity operator seems to play a key role in the
accuracy of the solutions via SIE formulations.
Using RWG functions on planar triangles, discretization of the well-tested identity operator is simple.
The integral


Ωo (r)
(24)
I[m, n] =
drtm (r) ·
drtm (r) · bn (r)
bn (r) =
2π
Sm
Sm
can be evaluated accurately by using a low-order Gaussian quadrature rule. On the other hand, the
identity operator behaves like an operator with a highly-singular kernel [5],[18]. This alternative
interpretation can be understood when (24) is rewritten as a double integral over the testing and basis
functions as


Imn =
drtm (r) ·
dr δ(r, r  )bn (r  ),
(25)
Sm

Sn

δ(r, r)

is a Dirac delta function representing a strong singularity. Consequently, the discretizawhere
tion of the identity operator may cause an unexpectedly large error, although its discretization involves
very small or no error.
To demonstrate the inaccuracy of normal and mixed formulations compared to tangential formulations,
we present the solution of electromagnetics problems involving canonical objects. Fig. 1 presents the
results of a radiation problem involving a 1 cm × 1 cm × 1 cm PEC box located at the origin. As
depicted in Fig. 1, the box is excited with a Hertzian dipole oriented in the z direction and located
inside the box at z = 0.35 cm. Ideally, the radiated field outside the box should be zero due to the
shielding provided by the closed PEC surface. We calculate the radiated field in the far zone on the
x-y plane at r = (3 meters, π/2, φp ), where φp = (p − 1)π/180 for p = 1, 2, ..., 360. The relative
error is defined as the 2-norm of the total electric field divided by the 2-norm of the incident electric
field, i.e.,
360
2

p=1 |E(3, π/2, φp )|
(26)
Δ = 360
φp = (p − 1)π/180 .
inc (3, π/2, φ )|2
p
p=1 |E
The total electric field is obtained by adding the incident field due to the Hertzian dipole and the
secondary field due to the induced electric current on the cube. Fig. 1 presents the relative error
as a function of frequency from 20 GHz to 60 GHz. In this range of frequency, the size of the
box varies from 0.67λ to 2λ. The radiation problem is discretized with 7200, 28,800, 115,200, and
460,800 unknowns, and solved by MLFMA without diagonalization [31]. We observe that T-N-CFIE =
0.2 × T-EFIE + 0.8 × N-MFIE is significantly less accurate than T-EFIE. In order to obtain the same
accuracy, the number of unknowns of T-N-CFIE should be 16 times larger than that of T-EFIE.
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Fig. 1. Solutions of a radiation problem involving a 1 cm × 1 cm × 1 cm PEC box located at the origin and excited by a
Hertzian dipole located inside the box at z = 0.35 cm. Relative error defined in (26) is plotted as a function of frequency
from 20 GHz to 60 GHz.
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Fig. 2. Solutions of a scattering problem involving a dielectric sphere of radius 6λ illuminated by a plane wave. Relative
permittivity of the sphere is 2.0 and it is located in free space. (a) Normalized bistatic RCS (RCS/λ2 ) and (b) relative error
defined in (27) for different formulations as a function of the bistatic angle.

Fig. 2 presents the solution of a scattering problem involving a dielectric sphere of radius 6λ, where
λ is the wavelength outside the sphere (free space). The relative permittivity of the sphere is 2.0
and it is illuminated by a plane wave. The scattering problem is discretized with 264,006 unknowns
and solved by MLFMA with three digits of accuracy. Fig. 2(a) presents the normalized radar cross
section (RCS/λ2 in dB) values on the E-plane as a function of the observation angle from 0◦ to 180◦ ,
where 0◦ corresponds to the forward-scattering direction. Computational values obtained with CTF
and MNMF are compared with analytical values obtained by a Mie-series solution. We observe that
the tangential formulation CTF provides more accurate results than the normal formulation MNMF.
For more quantitative information, Fig. 2(b) presents the relative error in the computational results
with respect to the reference analytical solution. In addition to CTF and MNMF, we also consider
the error for the mixed formulation JMCFIE. The relative error as a function of bistatic angle ϕ is

EWS 2008

6-7

defined as

∞ (ϕ)|
|EC∞ (ϕ) − EA
∞ (ϕ)| ,
r→∞
maxϕ |EA

Λ(ϕ) = lim

(27)

∞ (ϕ) are computational and analytical values of the far-zone electric field, i.e.,
where EC∞ (ϕ) and EA

E ∞ (ϕ) = lim rE(r, ϕ).
r→∞

(28)

The maximum value of the relative error is also indicated by a horizontal line in the figure for each
formulation. Fig. 2(b) shows that CTF provides the most accurate results, while MNMF is significantly
inaccurate compared to CTF. Being a mixed formulation, accuracy of JMCIE is between CTF and
MNMF.

4. EXCESSIVE DISCRETIZATION ERROR OF THE IDENTITY OPERATOR
In this section, we prove that the identity operator is truly a major error source, which contaminates
the accuracy of SIE formulations. This is achieved by using the nonradiating property of the tangential
incident fields on arbitrary surfaces [32],[33], i.e.,
Ωi (r) ×n
I {M inc }(r) = 0
4π
Ωi (r) ×n inc
1
I {J }(r) = 0,
Tu {M inc }(r) + Ku {J inc }(r) −
ηu
4π

ηu Tu {J inc }(r) − Ku {M inc }(r) +

(29)
(30)

where Ωi (r) is the internal solid angle and {J inc (r), M inc (r)} = {n̂ × H inc (r), −n̂ × E inc (r)}.
Nonradiating currents are expanded in a series of RWG functions, i.e.,
J inc (r) =
M inc (r) =

N
n=1
N

xinc [n]bn (r)

(31)

y inc [n]bn (r),

(32)

n=1

by using two methods. First, we consider an identity equation in the form of

 
 

I 0
n̂ × H inc
n̂ × H inc
·
=
,
0 I
−n̂ × E inc
−n̂ × E inc
which can be discretized as



I¯ 0
0 I¯

  inc   ×n 
x
vH
=
.
·
y inc
−v×n
E

(33)

(34)

This method involves well-tested identity operators. The second method is based on the discretization
of (29) and (30), i.e.,

 



T
T
1 ηu−1 v E
T̄ u
xinc
−ηu−1 K̄ u
(35)
·
=
−
,
T
T
ηu v H
y inc
2
ηu K̄ u
T̄ u
which involves tangentially-tested T and K operators and does not contain any identity operator.
Fig. 3 presents the results of experiments involving a sphere of radius 0.5λ and a cube with edges
of 0.5λ. Both objects are illuminated by a plane wave with unit amplitude. Nonradiating currents
are expanded in a series of RWG functions on the objects using the two methods described above,
i.e., using well-tested identity operators and using integro-differential T and K operators. Expansion
coefficients are calculated and used to compute the radiated fields in the far zone on the E-plane.
Fig. 3 presents the far-zone electric field, i.e., E ∞ (ϕ) as a function of bistatic angle ϕ. Ideally,
{J inc (r), M inc (r)} should not radiate and E ∞ (ϕ) should be zero. Fig. 3(a) shows that the value
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Fig. 3. Far-zone electric field due to nonradiating currents on (a) a sphere of radius 0.5λ and (b) a cube with edges of
0.5λ. Nonradiating currents discretized and expanded in a series of RWG functions by using two different methods involving
well-tested identity operators and tangentially-tested integro-differential operators.

of E ∞ (ϕ) drops as the mesh size decreases from λ/10 to λ/40 for the sphere. On the other hand,
the two methods offer different levels of accuracy. Given a mesh size, error is smaller with the
second method using the integro-differential operators, compared to the first method using well-tested
identity operators. Fig. 3(b) presents similar results for the cube. The value of E ∞ (ϕ) decreases as
the triangulation becomes finer; but the first method generates larger error than the second method.
We note that the first and second expansion methods are related to the solutions of electromagnetics
problems with normal/mixed and tangential formulations, respectively, where the total currents (instead
of nonradiating currents) are expanded in a series of basis functions.

5. CONTAMINATION OF THE ACCURACY OF SURFACE FORMULATIONS
Excessive discretization error of the identity operator contaminates the accuracy of normal and mixed
formulations. Therefore, matrix equations obtained with tangential, normal, and mixed formulations
for the same problem are incompatible. For example, consider the solution of an electromagnetics
problems involving a closed PEC object. The problem can be formulated with T-EFIE and N-MFIE.
Due to excessive discretization error of the identity operator in N-MFIE, solutions obtained with
T-EFIE and N-MFIE are not equal, i.e.,

−1
 −1
T
N
−ηu−1 T̄ u
· v E = xE = xM = − K̄ u − 0.5I¯
· v ×n
(36)
H ,
even when the solutions are free of internal resonances. We write
xM = xE + ΔxM E

(37)

and the discrepancy between the solutions is interpreted as the error in N-MFIE. Consider the solution
of the same problem with T-N-CFIE = α × T-EFIE + (1 − α) × N-MFIE, i.e.,


 N
−1 
T
xC = − αηu T̄ u + (1 − α) K̄ u − 0.5I¯
· αv E + (1 − α)v ×n
(38)
,
H
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where 0 ≤ α ≤ 1. We note that


 N
−1 
 N

T
T
xC = αηu T̄ u + (1 − α) K̄ u − 0.5I¯
· αηu T̄ u · xE + (1 − α) K̄ u − 0.5I¯ · xM


 N
−1 
 N

T
T
= αηu T̄ u + (1 − α) K̄ u − 0.5I¯
· αηu T̄ u · xE + (1 − α) K̄ u − 0.5I¯ · xE

 N
−1
 N

T
· (1 − α) K̄ u − 0.5I¯ · (xM − xE )
+ αηu T̄ u + (1 − α) K̄ u − 0.5I¯
= xE + ΔxCE ,

where

(39)


 N
−1
 N

T
ΔxCE = αηu T̄ u + (1 − α) K̄ u − 0.5I¯
· (1 − α) K̄ u − 0.5I¯ · ΔxM E .

(40)

Equations (39) and (40) describe how the T-N-CFIE solution is contaminated with the inaccuracy of
N-MFIE due to the discretization error of the identity operator.
Consider an iterative solution of T-N-CFIE, where the residual error is minimized, i.e.,

 N

T
¯ · x̃C → 0.
rC = αv E + (1 − α)v ×n
+
αη
+
(1
−
α)
K̄
−
0.5
I
T̄
u
u
u
H

(41)

Rearranging the terms in (41), we obtain
rC = αr C→E + (1 − α)r C→M ,

(42)

where
T

rC→E = v E + ηu T̄ u · x̃C
 N

¯
r C→M = v ×n
H + K̄ u − 0.5I · x̃C

(43)
(44)

are residual vectors obtained by testing the T-N-CFIE solution in T-EFIE and N-MFIE systems,
respectively. When the norm of r C in (41) is minimized, norms of rC→E and rC→M are not
necessarily minimized. Instead, r C→E and rC→M are scaled with respect to each other, i.e.,
(1 − α)
r C→M .
(45)
α
Then, an iterative solution of T-N-CFIE involves a breakpoint, where a further reduction of the
residual error does not improve the compatibility of the solution with T-EFIE and N-MFIE. In general,
iterative solutions of normal and mixed formulations discretized with low-order basis functions involve
breakpoints, where the compatibility of the solution with the corresponding tangential formulation
is saturated. More importantly, a breakpoint for the compatibility with the tangential formulation
corresponds to the last useful iteration to obtain the highest possible accuracy with a normal or mixed
formulation.
r C→E ≈ −

As an example, we consider the solution of a scattering problem involving a λ × λ × λ PEC cube
located at the origin. The cube is discretized with 2052 RWG functions and illuminated by a plane
wave propagating in the −x direction with the electric field polarized in the y direction. The scattering
problem is solved with T-EFIE and T-N-CFIE (α = 0.2) formulations. Matrix elements are calculated
with a maximum of 1% error and solutions are performed iteratively by using the biconjugate-gradientstabilized (BiCGStab) algorithm [34]. Fig. 4(a) presents the iterative solution of T-N-CFIE, where the
2-norm of the residual vector r C is plotted with respect to BiCGStab iterations. We also plot the norms
of rC→E and r C→M denoted by “T-N-CFIE to T-EFIE” and “T-N-CFIE to N-MFIE”, respectively.
The residual error is reduced to below 10−6 in 20 iterations. However, compatibility of the T-N-CFIE
solution with the T-EFIE and N-MFIE systems is saturated at about 7th iterations. Fig. 4(b) presents
both two solutions with T-EFIE and T-N-CFIE. Using T-EFIE, the residual error is reduced to below
10−6 in more than 300 iterations. In addition to residual errors, we calculate the error in the near-zone
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Fig. 4. Iterative solutions of a scattering problem involving a λ × λ × λ PEC cube illuminated by a plane wave propagating
in the −x direction with the electric field polarized in the y direction. (a) Residual errors with respect to iterations for
T-N-CFIE. (b) Residual error and near-zone error defined in (46) with respect to iterations for T-N-CFIE and T-EFIE.

electric field at each iteration. The total electric field, which is obtained by combining the incident
plane wave and the secondary field due to the induced electric current, is sampled inside the cube
at 19 × 19 = 361 regularly-spaced points on the z = 0 plane. The total electric field should be zero
inside the cube due to the shielding effect of the perfectly-conducting closed surface. Then, we define
the near-zone error as
361

2
p=1 |E(xp , yp , 0)|
(46)
Υ = 361
− λ/2 ≤ xp , yp ≤ λ/2 .
inc (x , y , 0)|2
p p
p=1 |E
As depicted in Fig. 4(b), the near-zone error in the T-EFIE solution is saturated at about 150th iteration,
and the minimum achievable error is approximately 2.8 × 10−3 . Accuracy of the solution is saturated
since there are various error sources, such as the numerical calculation of the matrix elements, and
the overall error cannot be minimized by only reducing the residual error. In the T-N-CFIE solution,
however, the minimum achievable error is directly related to the compatibility of the solution with the
T-EFIE formulation. In this case, the near-zone error is saturated at 7th iteration, which corresponds
to the breakpoint in Fig. 4(a), and the accuracy cannot be improved anymore. Consequently, a further
reduction of the residual error is practically unnecessary.

6. CONCLUSION
In this study, we present our investigations on the contamination of SIE formulations with the excessive
discretization error of the identity operator. Normal and mixed formulations involving well-tested
identity operators are significantly inaccurate compared to tangential formulations, especially when
they are discretized with low-order basis functions. By performing a computational experiment based
on the nonradiating property of the tangential incident fields on arbitrary surfaces, we show that the
identity operator is a major error source. Since normal and mixed formulations are contaminated
with the excessive discretization error of the identity operator, matrix equations obtained with SIE
formulations are incompatible. Then, minimization of the residual error during an iterative solution of
a normal or mixed formulation involves a breakpoint, where the compatibility of the solution with the
corresponding tangential formulation cannot be enhanced anymore. We show that the compatibility of
a solution with a tangential formulation is an important indicator to determine the last useful iteration
for the highest possible accuracy offered by SIE formulations.
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[25] P. Ylä-Oijala and M. Taskinen, “Application of combined field integral equation for electromagnetic
scattering by dielectric and composite objects,” IEEE Trans. Antennas Propagat., vol. 53, no. 3, pp. 1168–
1173, Mar. 2005.
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